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RIEMANNIAN MANIFOLDS WITH POSITIVE YAMABE 
INVARIANT AND PANEITZ OPERATOR 

MATTHEW J. GURSKY, FENGBO HANG, AND YUEH-JU LIN 


Abstract. For a Riemannian manifold with dimension at least six, we prove 
that the existence of a conformal metric with positive scalar and Q curvature 
is equivalent to the positivity of both the Yamabe invariant and the Paneitz 
operator. 


1. Introduction 


Let ( M, g ) be a smooth compact Riemannian manifold with dimension n > 
3. Denote [g] as the conformal class of metrics associated with g. The Yamabe 
invariant is given by (see ILP1 ) 

Y(M,g) = jnf , (1-1) 

9£ [s] g{M)~ 


here R is the scalar curvature of g and g is the measure associated with g. In terms 
of the conformal Laplacian operator 


we have 


Y(M,g) 


L = 


4 (n — 1) 
n — 2 


A + R, 


inf li! tl ■ 

uec°°(M) IMP 2n 
u >0 L n ~' 2 

\Vu \ 2 +RuA dg 

inf - Tj - 

ueHHM)\{0} ||u ||- ^ 


( 1 . 2 ) 


(1.3) 


In particular Y ( M, g) > 0 if and only if the first eigenvalue Ai ( L ) > 0. Moreover 
based on the fact that the first eigenfunction of L must be strictly positive or 
negative, we know 


Ai ( L) > 0 there exists a g € [g\ with R > 0. (1.4) 


Here we are looking for similar characterization for Paneitz operator and Q curva¬ 
ture (see mm)- More precisely we are interested in the solution to 


Problem 1.1. For a Riemannian manifold with dimension at least five, can we find 
a conformal invariant condition which is equivalent to the existence of a conformal 
metric with positive scalar and Q curvature ? 

In view of the results on positivity of Paneitz operator in [GM1 IXYl . many 
people suspect the conformal invariant condition wanted in Problem 11.1 1 should be 
the positivity of Yamabe invariant and Paneitz operator. As a consequence of the 


l 
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main result below, this is verified for dimension at least six (see Corollarv ll.lD . It is 
very likely the statement is still true for dimension five. However due to technical 
constrains in our approach, dimension five case remains an open problem. 

To write down the formula of Q curvature and Paneitz operator, following [B] . 
let 

J = W^Ty a = ^2 {Rc - Js) - (L5) 

here Rc is the Ricci curvature tensor. The Q curvature is given by 

Q = -AJ-2\A \ 2 + ^J 2 . 


The Paneitz operator is given by 

Pip = A 2 ip + div (4 A (Vip, ei) a — {n — 2) JVip) + 


n — 4 


Qip. 


( 1 . 6 ) 


(1.7) 


Here ei, ■ • • , e n is a local orthonormal frame with respect to g. For n > 5, under a 
conformal change of metric, the Paneitz operator satisfies 

P ^4 If = P~^Pg (pip) , (1.8) 

P 4 9 

(see [B] ); compare to the conformal covariant property of the conformal Laplacian 
OD- In addition, the Q curvature is transformed by the formula 



(1.9) 


We now define two conformal invariants related to the Q-curvature. First, in 
analogy with the Yamabe invariant, we define 


Y+(M,g) = 


zi inf lu 9 ^, 

2 flefo] (£(M)) — 


inf hi Pu ' ud V 

ueC°°(M) || u || 2 2n 
u >0 L 71-4 


( 1 . 10 ) 


We use ^ 4 + (M,g) to emphasize the infimum is taken over positive functions (i.e. 
conformal factors). To define the second invariant, denote 


E (ip) = / Pip ■ ipdp 


( 1 . 11 ) 


M 


= J ^(A ip) 2 - 4A (Vip, Vip) + (n — 2)J |Vy>| 2 + ” 2 dp. 

It is clear that E (ip) is well defined for ip £ H 2 ( M ). Define 

E(u) 


Yi {M, g) = inf 


«ew 2 (M)\{o} \\u\r 2 „ 

11 "L"-i 


( 1 . 12 ) 


Clearly 


Y A (M,g)<Y+{M,g), 


but in general (and in contrast to the usual Yamabe invariant) we have an inequality 
instead of equality, due to the fact Paneitz operator is fourth order. Note that from 
standard elliptic theory Y 4 (M, g) > 0 if and only if the first eigenvalue Ai ( P) > 0 
i.e. P is positive definite. 
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When the Yamabe invariant Y ( M , g) > 0, there is another closely related quan¬ 
tity Yf (M, g) defined by 


Obviously 


Y;(M,g)- n 4 mf 

(1.13) 

2 9 5^Uu{M))~ 

R> 0 


Yi (■M , g) < Y+ (M, g) < Yf (. M , g ). 

(1.14) 


One of the main goals of this paper is to understand the relationship between these 
quantities, and their connection to the existence of a metric with positive scalar 
and Q-curvature. 

Our motivation for studying these problems comes from recent progress in the 
understanding of Q curvature equations for dimension at least five in |GM1 IHY11 
IIV2 . Paneitz operator and Q curvature were brought to attention in ICGYI . 
For dimension at least five, in various work IHeRl lH u HE, people had realized the 
important role of positivity of Green’s function of Paneitz operator in understanding 
the Q curvature equations. Such kind of positivity is hard to get due to the lack 
of maximum principle for fourth order equations. A breakthrough was achieved 
in |GM] . namely for n > 5, if R > 0 and Q > 0, then P > 0 and the Green’s 
function of Paneitz operator Gp is strictly positive. Subsequently in |HY1| . for 
positive Yamabe invariant case it was found the positivity of Green’s function of 
Paneitz operator is equivalent to the existence of a conformal metric with positive 
Q curvature. Indeed it was shown that if n > 5, Y (M,g) > 0, then there exists a 
conformal metric with positive Q curvature if and only if kerP = 0 and Gp > 0, 
it is also equivalent to kerP = 0 and Gp tP > 0 for a fixed p. Note the positivity 
of Green’s function is a conformal invariant condition. In |GM) . it was shown that 
R > 0 and Q > 0 implies I 4 ( M , g) is achieved at a positive smooth function. The 
assumption was relaxed to Y (M,g) > 0 ,Q > 0 and P > 0 in [HY2] , Trying to 
understand relations between various assumptions motivates problems considered 
here. 


Theorem 1.1. Let ( M,g ) be a smooth compact Riemannian manifold with dimen¬ 
sion n > 6 . IfY ( M,g ) > 0 and Yf ( M,g ) > 0, then there exists a metric g £ [< 7 ] 
satisfying R > 0 and Q > 0. 

Combine Theorem 11.11 with existence and positivity results in [GM l 1HY21 [XYl 
we have the following corollaries. 

Corollary 1.1. Let ( M,g ) be a smooth compact Riemannian manifold with dimen¬ 
sion n > 6. Then the following statements are equivalent 

(1) Y (M, g) > 0,P > 0. 

(2) Y (M,g) > 0, Y 4 * {M,g) > 0. 

(3) there exists a metric g £ [ g\ satisfying R > 0 and Q > 0. 

Corollary 11.11 answers Problem 11.11 for dimension at least six. 

Corollary 1.2. Let ( M,g ) be a smooth compact Riemannian manifold with dimen¬ 
sion n > 6 . IfY (M,g) > 0 and Yf ( M,g ) > 0, then P > 0, the Green’s function 
Gp > 0, and I 4 (M, g) is achieved at a positive smooth function u with R > 0 

U^-ig 

and Q = const. In particular, 

U”-ig 

Y 4 (M, g) = Y+ (M, g) = Yf (M, g). 
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The dimensional restriction n > 6 is an unfortunate by-product of our technique 
and it is very likely the result holds in dimension five as well. To explain our 
approach, we first point out that the Q curvature equation is variational: a metric 
has constant Q curvature if and only if it is a critical point of the total Q curvature 
functional f M Q g dfi g with g running through the set of conformal metrics with unit 
volume. A closely related quantity is 

a 2 {A)= l -(j 2 -\A\ 2 ). (1.15) 

Indeed o 2 (A) equation is also variational in similar sense. Since 

77 - 4 r. 

Q = -AJ H--— J 2 + 4tr 2 (A), (1.16) 

we have 

[ Qdfi = U 4 [ J 2 dg + 4 f o 2 (A) d/i. (1-17) 

Jm z Jm Jm 

Obviously f M J 2 df.i is always nonnegative. For t > 1 consider the functional 

~t [ Jgdg. g + 4 / o 2 (A g )dg, g . (1.18) 

z Jm Jm 

A critical metric of this functional restricted to the space of conformal metrics of 
unit volume satisfies 

t A J + n ^ ^ + 4(72 (A) = const. (1.19) 

In the appendix, we will use elementary methods to show that if Y (M. g) > 0, 

4 

then there exists go £ \g\, go = Uq ~ 4 g and to 1 such that 

to Ao Jo H--—+ 4(72 (Ao) > 0 (1.20) 

and Jo > 0. Define / as 

—A 0 Jo-)--—Jo ) + 4(7 2 (Ao) = fu 0 n ~ 4 ■ (1-21) 

Then for 1 < t < to we consider the following 1-parameter family of equations: 

t ^-AJ + +4(72 (a) = fu~^, g = u^g. (1.22) 

Let 

S (1.23) 

= |i G [1, to] : there exists positive smooth u solving (11.2211 . with R > 0 j . 

Then t 0 £ S. We will show S is both open and closed by the implicit function 
theorem and apriori estimates. Hence S = [1, to] - It follows that there exists a 
g £ [g] with R > 0 and Q > 0. 

We conclude the introduction with some remarks. The dimensional restriction 
n > 6 appears in both the open and closed part of the argument. The power of 
the conformal factor u on the right hand side of (11.221) is chosen to be negative to 
give better estimate of solutions. Moreover this choice also leads to a good sign of 
the zeroth order term in the linearized operator. We also observe that our path 
of equations is variational, it has a divergence structure which we will exploit in 
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apriori estimates. At last we note that in dimension four a path of equations which 
is analogous to (11.221) is considered in jCGYj to produce a conformal metric with 
positive scalar curvature and a 2 (A) curvature assuming the positivity of Yamabe 
invariant and conformal invariant f M cr 2 (A) dfi. 

Acknowledgements. The first author is supported in part by the NSF grant 
DMS-T206661. We would like to thank Professor Alice Chang and Paul Yang for 
valuable discussions. 


2. The method of continuity and openness 


In this section we set up the continuity method. It will be more convenient if 
we first rewrite equation (11.221) in terms of Q and cr 2 (A). Using (11.161) . equation 
(11.221) can be expressed as 


t (Q - 4ct 2 (A)) + 4(72 (A) = fu 


hence 


tQ + 4 (1 - t) < 7 2 = fu 

Dividing by t (recall t > 1) and denoting 


4(t — 1) 

^ = t ’ X = 


/ 

t* 


equation (11.221) is equivalent to 

Q — Act 2 ^A^j 


_n ±4 

= X u *=*, 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 

(2.4) 


here g = u n ~ i g and 0 < A < 4. 

To write this equation in terms of the conformal factor u, observe that the 
Schouten tensor of the conformal metric g is given by 

u~ 2 |Vu | 2 gtj + u~ 2 UiUj , (2.5) 


A y - Ajj n _ 4 


U 1 U;a — 


13 t A \ 2 

(n — 4) 


(n-4) 


hence 


cr 2 




O '2 (A) 


-2 


(n-4) 


(An ) 2 - 


(n - 4) 
2 


u “ 2 |D 2 nr + 


(n — 4 ) 3 


|Vw | 2 


4 (n — 2) , 2 , 2 2 (n — 1) .. .4 

- 5 -n UijUiUj - Ju An H-n A^ua -Vn 

(n-4 ) 3 n-4 “ J ' '' 3 


n — 4 ~ y 4 A 


(n-4 ) 3 


2 _ 2 1 .2 2 (n — 2) o „ 

Jn |Vn| —--—n AijUiUj 


(n — 4) (n — 4) 

Using the formula ecu we also have 


~ 2 n + 4 

Q =- -u ™- 4 Pu 

n-4 


(2.7) 


Substituting (12.61) and (12.71) into (12.41) . then multiplying through by ^^n ™- 4 we 
have 
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Pu 


= Xu 


n — 4 


cr2 (-4) 


n — 4 


(Am) 2 - 


n — 4 


-Dm + 


(n — 4)' 


( 2 . 8 ) 

m~ 3 |Vm| 2 Am 


2 (n 2) _o _i i m 1 _ a _ .4 

-u UijUiUj — Ju Am + m AijUij — - - —u |Vm| 


(n — 4) 
1 


(n-4) 


n — 4 


(i , ,o M — 2 0 , 

Jm “ |Vm| - -u 2 A. 


n — 4 


M AijUiUj 


n — 4 


-x- 


Also, the condition that J > 0 is equivalent to the inequality 


Am < — - 


-M 1 |Vm| 2 + 


n — 4 


- Jm. 


n-4 ' 1 2 

We begin with a fact which permits us to start the continuity process. 


(2.9) 


Proposition 2.1. Let (M,g) be a smooth compact Riemannian manifold with di¬ 
mension n > 5. IfY ( M,g) > 0, then there exists a metric g £ [g] with 

— A J + j 2 > o, J>0. (2.10) 

Note this proposition is clearly a consequence of the solution to the Yamabe 
problem ( |LPj ). In the Appendix we will provide an elementary proof. In view of 

4 

Proposition 12.II we can find g = Mg -4 g such that 

n — 4 


- A J + 


Since 


Q - A <72 


-J >0, J > 0. 


( 2 . 11 ) 

( 2 . 12 ) 


— —A J H--—J 2 + (4 — A) a-2 , 

we can find 0 < Ao < 4 close enough to 4 such that Q — Aocr 2 (A^j > 0. In particular 

4 

g = Uq~ 4 g is a solution of (12.411 . with 


x = (q - A0CT2 (a)) 


n+4 

u-4 


(2.13) 


Define 

E = jo < A < Ao : 3m G C°° (M), m > 0, satisfying (12.41) and J > oj . (2.14) 

It is clear that Ao S E. Indeed in this case Mo is a solution. On the other hand if 
we can show 0 S E, then it follows there exists a metric g £ [g] with J > 0 and 
Q > 0. To achieve this we will show E is both open and closed. 

To prove that E is open, we consider the linearized operator. To this end, define 
the map 

ra+4 

X u n ~ 4 - (2.15) 


g = u^- i g ATfu] = Q — Aer 2 ^A^j 


Then Af [u] = 0 if and only if g is a solution of (12.41) . Let S denote the linearization 
of Af at m: 

Af [u + tip]. 


Sip = 


dt 


t=0 


(2.16) 
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To compute S we use the standard formulas for the variation of the Q curvature 
and the Schouten tensor 

d_ 

dt 


t=o 


1 ti H - 4 

Q(l+tip)g — T^-PgJ’ i Qg^i 


(2.17) 


d_ 

dt 


it=o 

In our setting, using 


and 


<72 (^ 4(1 +tif>)g) — 2 Jg^g^ P 2(J 2 {Ag)lf. ( 2 . 18 ) 


(u + tip) n ~ 4 g = (1 + tu V) " 4 g 


d_ 

dt 


t=o 


(l + tu 1 p) n 4 = —~{ u V, 

n — 4 


(2.19) 

( 2 . 20 ) 


we see 


where 


Hip 


= Pip — 


n + 4 


SV = ——-H (u V) > 
n — 4 


Qv? + A ^ JAy — g ^A, D 2 p^ + 4a 2 p^ 


( 2 . 21 ) 


( 2 . 22 ) 

n + 4 _ n + 4 

——Xu "- 4 <p- 


The openness of S follows from implicit function theorem and standard elliptic 
theory, together with the following lemma: 

Lemma 2.1. Let (M, q) be a smooth compact Riemannian manifold with dimension 
n > 6. If 0< A<4, 

Q - A(72 (A) >0, J > 0, (2.23) 

then the operator 

Hip (2.24) 

Ti ~ I - 4 Ti 4 

= Pip - —Qp + A (JAip - + 4ct 2 (t!) ip) H-— (Q - Acr 2 (A)) 

is positive definite. 

Proof. For any smooth function p, 

f Hip ■ pdp 


IM 


(Ap) 2 + (n - 2 - A) J\S7ip\ 2 - (4 - A) A (V<p, Vp) + (Q - Xa 2 (A)) p 2 


(2.25) 
dp. 


Jm L 

Using the Bochner formula 


f (A p) 2 dp = f \D 2 p\ 2 dp+ f J | S7p\ 2 dp+(n — 2) f A(Vp,'Vp)dp, (2.26) 

Jm Jm Jm Jm 

Hp-pdp (2.27) 


IM 

we see 


JM 

n — 6 + A 
n — 2 


[ (Ap) 2 dp +-—^ [ | D 2 p 

Jm n —zj M 


dp 


4 - A + (n - 2) (n - 2 - A) 
n — 2 


,2 . . n-4 


J |V<i| z d/i + 2—- [ (Q - Xa 2 (A))p 2 dp. 
’ m 2 7 M 
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Note for n > 6 and 0 < A < 4, all coefficients before the integral sign are nonnega¬ 
tive. As a consequence H is positive definite. | 

For n = 5, note that the coefficient of J M J |V<p| 2 dp. is equal to 13 3 4A and it is 
negative when A is close to 4. 

3. ApRIORI ESTIMATE 

In this section we prove apriori estimate for smooth positive solutions to (12.411 
with positive scalar curvature for 0 < A < Ao- An immediate consequence is that 
the set S (see (12.141) 1 is closed. 

Lemma 3.1. Assume (M,g) is a smooth compact Riemannian manifold with di¬ 
mension n > 6. If Y ( M,g ) > 0, Yf (. M,g ) > 0 and 0 < A < Ao < 4, then any 
smooth positive solution u to B with J > 0 satisfies 


and 

Here c is independent of u and A. 

_. 4 

Proof. Let g = u n - 4 g. Using 


\\U\\ _2n < C 

" "z,™- 4 — 


u > c > 0. 


and (12.41) we get 
1- AN 


/ Qdfx = 4 / a 2 
IM JM 


n — 4 


dp 


n — 4 


J 2 dp, 


IM 


Qdg-\ --—A / J 2 dp = / x u n ~ i dfi= / \-udp. 


IM 




IM 


IM 


By the definition of Yf ( M, g) (see (11.131) 1 we have 
IMI 2 ^ = p (M) " 


(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 


< 


n — 4 1 I 

2 Yf (M,g) 


Qdg 


< c / xudg 

JM 

< cllull.j- . 


Hence 


M\ l ^ < c. 


(3.6) 

Multiplying both sides of equation (12.81) by u a and doing integration by parts 
we get 

n — 4 


Xu a dg 


(3.7) 


IM 


= a f u a 1 (Am) 2 dp + 
JM 


3a — 1 

“ ( “^ 1)+ 2(TT4) A j 


f u a 2 |Vw| 2 A udg 

JM 


{n - 4) a 2 - {n - 8) a - 2 f 3 


2 (n - 4)' 


A f u a 3 |Vw| 4 dp + (n — 2 — A) a f Ju a 1 |Vm| 2 dp 
Jm 7m 


— (4 — A) a f u a a A (Vm, Vm) dp + — f (Q — Xa 2 (A)) u a+l dg. 

Jm 2 


2 
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If 


3a - 1 

a (a — 1) + —-— A > 0, 


2 (n - 4) 

(this happens when |a| is large enough), then using (12.91) we get 
n — 4 


(3.8) 


Xu a dfi 


(3.9) 


/M 


< a f u a 1 (Am) 2 dn — 

Jm 


4 - A 2 16- 2A-n(4- A) 


f u a ~ 3 \Vuf d/j, 
Jm 


2 (n - 4) 2 (n - 4) 2 

H- : - a — ^ ] f Ju 01-1 | Vw| 2 d\x — (4 — A) a f u a ~ 1 A(\7u,'Vu)d[i 

4/7m Jm 


n — 4 2 2n — A A 


+ l (Q-Aa 2 (AL))M“ + V 
2 Jm 

Now let a = — (p + 1) with p>l, using A < A 0 < 4 and the fact for all e > 0, 


u p 2 |Vw| 2 < eu p 4 |Vm| 4 + — u p , 


we get 

/ U 

JM 

Hence 

It follows that 


-c / 

M- p " 2 ( 

JM 

+c / 

u p dfi. 

JM 

p +1 , 


LP + 1 - 

c m 


I Lp 


\ U 1 LP+1 ^ C - 


>M 


r* ir 

^ IIlp+1 • 


To continue let u 1 = U, then the inequality (12.91) implies 

-A U < _ 2 ~ 3 ) u ~ 1 | V£/| 2 + ^JU 

n - 4 2 

n — 4 Trr 

——JU. 


(3.11) 

(3.12) 

(3.13) 


By [QTj Theorem 8.17 on pl94], (13.121) and (13.131) together imply U < c, in another 
word 

u > c > 0. (3-14) 


To derive further estimates on u, we denote 


Since 


n — 4 
n — 4 


-¥4 

(3.15) 

follows from (12.91) that 


2 |Vm 2 . 

(3.16) 

— u q+1 v, 

(3.17) 


2 
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we see that under local orthonormal frame with respect to g, 

A 2 u = —u q+1 Av — 2(q + l)u q UiVi + (q + l)u 2q+1 v 2 (3.18) 

—q (q + 1) u q ~ 1 |Vm | 2 v --— (q + 2) Ju q+1 v 

/ ,\ r ( n — 4) 2 2 n — 4 

+ (n — 4) Jim + -— - J 2 u H--—A J • u. 

Plug (13.171) and (13.181) into (12.81) we get 

—Av — 2(q+l) u~ l mvi + (q + 1) u q v 2 — q (q + 1) u ~ 2 |Vu | 2 v (3.19) 

+ ^- q + 2^j Jv + 4m -9-1 AijUij + 2u~ q ~ 1 JiUi — (n — 4) |H| 2 u~ q 

^ j -U ~ 2 |V «| 2 V — _ ^ A U ~ q ~ 2 |7D 2 w | 2 + —J— - 73 “ U~ q ~ 3 UijUiUj 


n — 4 


-u q v 2 - 


(n — 4) 


A u q Aij i.i j j 


(n — 4) 


n — 4 

2 it" 9 " 4 |Vu| 4 - 


(n — 4) 


(» - 1) Y-,-4 (» - 2) X ..-t-iA ij u,Uj - |/1| ! 


n — 4 


n — 4 


-X'» 


- 9 -i 


Multiplying «“ on both sides and doing integration by parts we have 


y-i |Vv| 2 + (a l)(q + l) uqva+2 _ {q+1) { + 2 A 

a + 1 \ a + 1/ 


i _2 |Vu| 2 t; a+1 


—4aw 9 1 A i jUiVjV a 1 +4(g+l)w 9 2 A i jU i UjV a + 
—2u~ q ~ 1 JiUiV a — (n — 4) |H| 2 iL~ q v a 


(n — 4) (a — 1) 2a + n — 2 
' v -q + 


2 (a + 1) 


a +1 


^ u 9 n“ +2 -——-w 2 |Vit| u 


n — 4 


(n — 4) 


-2 K7„|2 .,a+l _ 2 1^2 .2 ^ + 2 2 ) V 9 ~ 3 1 


n — 4 


(n - 4)" 


———— 9_4 |Vu| 4 t; a - + A f q - \ u~ q - 2 A 

(n- 4) 2 \ n — 4y 


ijUiUjV 


-A u-t-'JiUiV 01 - 4 4)A |A | 2 u~ q v a + T ^^xu~ q ~ 1 v a . 

Here we write $ ~ ^ to mean f M Ad^i = J M Ad/i. In view of (13.21) and (13.161) we 

[ ,2 , [ (« — 1) (q + 1) A 

a v |Vu| dg + 

J M 


see 


< 


a + 1 

2A 


n — 4 


u q v a+2 dg 


(3.21) 


J JM 


(g + l)fg+—=—)- [ u~ 2 \Vu\ 2 v a+1 dg - [ u~ q ~ 2 \D 2 u\ 2 v a dg 

V a + lj ( n -A) 2 Jm ' ' ^ n — 4 J M 1 1 


2 (n - 2) A 


f u 9 3 UijUiUjV a d/.i — - - f u 9 4 |Vu| 4 ?; a d/x 

Am (n — 4) Am 


(n — 4) Am (n — 4) Am 

+ca f v a ~^ |Vu| d/j + c j v a+1 dg + c f v a dg. 
JM JM JM 


To continue we split D 2 u into its trace component — g and trace-free component 

e, 


(3.20) 

Jv a+1 

\iUjV a 
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Consequently by (13.1711 . 


\D 2 u\ 2 = |6| 2 + -u 2q+2 v 2 - — (n , 4) J 2 u 2 , 

n n 4 n 

UijUiUj = - u q+1 IVitl 2 v H- Ju |Vu| 2 + Qi-jUiU-j. 

n 2 n 


(3.23) 

(3.24) 


Plug these equalities into (13.211) . we get 

"(a — 1) (g + 1) (n — 1) A 


< 


if v 01 - 1 |Vu| 2 d/x + 

Jm 


(9+1) 9 + 


a + 1 


a + 1 n (n — 4)_ 

4 (n — 1) A 

IM 


f u q v a+2 d /i (3.25) 

JM 


[ u~ 2 |Vu| 2 v a+1 dn 
JM 


A 


n — 4 
(n — 2) A 


n (n — 4) 

[ u~ q ~ 2 v a ( |0| 2 — — ‘^-u~ 1 QijUiUj + ——— 2 |Vu|' 

7m V n-4 J J n- 4 

[ Ju~ q ~ 2 | Vul 2 v a dfx _ ( n ~ 4 ) A f 
J m 4n J M 


d/-i 


n(n-4) 

+ca f u“ _5 |Vu[i dfi + c f v a+1 d[i + c f v a d[i. 
JM JM Jm 


By (13.1611 we have 


[n — 2) A 


[ Ju q 2 |Vu| 2 v a dfx < c [ v a+1 dfi. 
{n - 4) J M Jm 


(3.26) 


This and 


ca f t>“-3 |Vu|d/x< £ f u“ _1 | Vu| 2 d[i + f v a (3.27) 

Jm 2 7 m 2 ./Al¬ 


together with (13.251) implies for a > 1, 

(a — 1) (q + 1) (n - 1) A 


£ [ v a ~ 1 \Vv\ 2 d^ + 
1 Jm 


< 


(9 + 1) 9 + 


n — 4 


a + 1 


-g-2„,a 


a + 1 n (n — 4)_ 

4 (n — 1) A 

i M 


u q v a+2 d[i (3.28) 


'M 


'M 


' (n — 4) 

2 2 (n — 2) _ 


f u~ 2 \Vu\ 2 v a+1 dfi 

J M 


l©l - 


?r — 4 


u 1 QijUiUj + 


n — 1 
n — 4 


u 2 |Vu| ) d/x 


+c f v a+1 dfi + col f v a dfi. 

Jm Jm 


Because 0 is trace-free, 


^lenvui 2 , 


\QijUiUj\ < 


(3.29) 
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hence 


. . 2 2 (n — 2) n — 1 ,4 

0f- T^ u 1 ®ijUiUj - -u 2 Vu 4 

n — 4 n — 4 


(3.30) 






> 


n — 4 V ti 

-iv«r 


71 1 _o 1 _ 14 

4- ju Vu 

71 - 4 

4 (71 — 1) _ 2 

7 TT 2 u iv«| 

n [n — 4) 


4 (n 1) _2 in |4 


n(n — 4) 

Plug this inequality into (13.281) we get 


v a ~ l |Vu| 2 d/i 

z ./m 


(3.31) 


+ 


(a — l)(g+l) (n—1)A 


a + 1 n (n — 4)_ 




'A/ 


< 


(5 + 1) 9 + 


4 (71 — 1) A 
a + 17 ra (n — 4) 2 


[ u~ 2 |Vw| 2 v a+1 dfj, 
Jm 


+ 


4 (n — 1) A 


n (n — 4) 3 Jm 

By (13.161) we have 

4 (n — 1) A 
n(n — 4) 3 Jm 

hence 


f u q 4 |Vu| 4 v a dfi + c j v a+1 d^j, + ca f v a d[i. 
Jm Jm Jm 


[ u q 4 |Vw| 4 v a d^i < f u 2 |Vit| 2 v a+1 d^i, (3.32) 

Jm n(n — 4) Jm 


1/ u a_1 |Vu| 2 d/i 
z Jm 

(a — 1) (q + 1) (71 — 1) A 


(3.33) 


< 


(X -h 1 


(« + !) « + 




,(n — 4)_ 

2 (n - 1) A 
+ 1 ) n(n — 4) 2 


u q v a 


+2 dfj, 


[ u~ 2 |Vit| 2 v a+1 d[i 
Jm 


+c / v a+ dfi + ca / v a d/i. 
Jm Jm 


By (13.161) again, 



|Vti| 2 v a+1 dfj, < 


n — 4 


u q v a+2 


dn, 


IM 


2 


(3.34) 
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we get 


A J M 

(a — 1) (g + 1) (n—1)A 


(3.35) 


u q v a+2 dn 


IM 


< max 


a + 1 n (n — 4) 

{^ I" + 1) (’ + tty) - °} /„ 


+c [ v a+1 d /r + ca f v a dfj,. 

Jm Jm 


In another word 


z Jm 


+ min 


(a — 1) (g + 1) (ra-l)A 
a + 1 n (n — 4) ’ 

< c f v a+1 dfi + ca f v a d[i. 

Jm Jm 


. . n — 4 a — n + 3 

(9 + DI -—i + 


Because n > 6, we see 


Fix a q > 0 such that 


n — 2 4 (n — 1) 

n — 4 n (n — 4) 


n — 2 4 (n — 1) 

- A ><1+1> 

n — 4 




llL“+2 - 


= («)(ll 


a+1 


L « + 2 -T ||C/|| Lq + 2 


Hence 

II«IIl «+2 < c{a) 

for a large enough. To continue, we observe that for a large enough, 

2 


IM 


Hence 


Vw 2 


L n 2 


dn < ca I v a+1 d[i + ca 2 I v a dfi. 


I m 


c 


'M 


_ a + 1 

Vu 2 


IM 


dfA+ v a+1 d^i 

Jm 


< ca ||«||“l+i + ca 2 ||u||“ Q+1 


Replacing a + 1 by a we see 


l ll 01 ^ II 11 ck , 2 ll ||o: — 1 

ML- < ca\\v\\ L a +ca \\v\\ La . 


K = 


n — 2 


(3.36) 

u q v a+2 d^i 


IM 


(3.37) 

(3.38) 


7 T (n — 4) ’ 

then for a large enough, 

a f |Vu| 2 d^+ f u q v a+2 dn<c f v a+1 dn + ca f v a dj.i. (3.39) 

Jm Jm Jm Jm 

By (13.21) and (13.391) we get 


(3.40) 

(3.41) 

(3.42) 

(3.43) 

(3.44) 

(3.45) 


Here 
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Let 

ba = max{||t;|| ia , 1 }. 
then for a large enough, we have 

< ca 2 6 “. 

It follows from iteration that for a fixed «o large, 


Hence 

Letting k —> oo we see 


bn k ao — C&a 0 A L. 


IMI L « fc « 0 < C. 


Mli« < C. 


Now we go back to the equation of u, 


. n — 4 T „, i 
— Am H--—Ju = vu q+L . 


Since [|u|| < c and <7 < —rr, standard bootstrap method tells us 


'l "—4 


||m|| L oo < c. 


Elliptic estimate tells us 

IMlws.p < c (p) 

for any 1 < p < 00 . This together with (12.811 and (18.211 imply 

IMIc* <c(k) 

for all k £ N. 


(3.46) 

(3.47) 

(3.48) 

(3.49) 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

(3.54) 


Proposition 3.1. 


Under the assumption of Theorem \l.li the set E is closed. 


Proof. Assume A; S £, A, —1 Aoo as i —> 00 , ui is a solution to (IQt for A = A i 
satisfying J; > 0 , then 

\\ui\\c k < c (k), 


for all k £ N and 


Ui > c> 0. 


After passing to a subsequence we have m —>• Uoo in C°° and Uoo > c > 0. Denote 



4 

9oo = Uoo 9- 


(3.55) 


Then 

Qi - K&2 (Ai) = x u i n “ 4 , Ji > 0 . 


Let i —>• 00 , we get 


Q oo AooCT2 (Aoo) — X^oo j Joo A 0. 


(3.56) 


In another way, 

- Aoo Joo - |AoolL + = XU~Jr* > o. (3.57) 

Hence 

- Aoo Joo + n ~ A °° Jlo > o. (3.58) 

Since Joo > 0, it follows from strong maximum principle that either Joo > 0 or 
Joo = 0. The latter case contradicts with (13.581) . Hence Joo > 0 and Aoo £ E. It 
follows that E is closed. | 
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4. Appendix 


Here we give an elementary proof of Proposition 12.11 Assume Y (. M, g) > 0, 
we can assume R > 0. For 1 < p < 2±| f based on the compact embedding 
H 1 (M) C L p+1 (M) we know there exists a positive smooth function u satisfying 


Lu = u p 

(see EH)- Here L is the conformal Laplacian operator m- Let 

g = u^g, 

then 


~ n + 2 n + 2 

R = u n ~ 2 Lu = u p n ~ 2 > 0, 


hence J > 0. Note that 


~ ~ n — 4 ~ 9 

- A J H-— J 2 = 


2 (n - 1) 


-A R 


n — 4 
4 (n — 1) 




Since 


Aip = u "- 2 A(^ + 2u n_2 g (Vu, V 99 ). 
using (EH) and El we have 
71 — 4 


-Ai? 


4 (71 — 1) 


ir 


(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 


= "- 2 Ai? + 2u n “ 2 3 + 


71 — 4 


- Ir 


71 — 2 

4 (ti — 1) 

"ti + 2 

+ 


71 — 2 


2(n±2) 

n-2 


4 (71 — 1) 

71 — 2 / 71 + 2 


4 (n — 1) y 71 — 2 


p ) i?u p n ~ 2 


^71 — 2 
We choose p such that 




71 — 2 


„ 3n+2 _ 9 

|y M | 2 . 


max < 1 


71 — 2 


< p < 


n + 2 
n-2 ’ 


this is possible since n> 5. Then it follows from (14.41) and (14.61) that 

AJ + H^ij 2>0 . 


(4.7) 


(4.8) 


References 


[B] T. Branson. Differential operators canonically associated to a conformal structure. Math. 
Scand. 57 (1985), no. 2, 293-345. 

[CGY] S.-Y. A. Chang, M. J. Gursky and P. C. Yang. An equation of Monge-Ampere type in 
conformal geometry, and four-manifolds of positive Ricci curvature. Ann. of Math. (2) 
155 (2002), 709-787. 

[GT] D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order. 2nd 
edition, 3rd printing, Berlin, Springer-Verlag, 1998. 

[GM] M. J. Gursky and A. Malchiodi. A strong maximum principle for the Paneitz operator 
and a nonlocal flow for the Q curvature. J Eur Math Soc, to appear. 

[HY1] F. B. Hang and P. Yang. Sign of Green’s function of Paneitz operators and the Q curvature. 

International Mathematics Research Notices 2014; doi: 10.1093/imrn/rnu247. 

[HY2] F. B. Hang and P. Yang. Q curvature on a class of manifolds with dimension at least 5. 
Preprint (2014). 

[HeR] E. Hebey and F. Robert. Compactness and global estimates for the geometric Paneitz 
equation in high dimensions. Electron Res Ann Amer Math Soc. 10 (2004), 135-141. 

















16 


MATTHEW J. GURSKY, FENGBO HANG, AND YUEH-JU LIN 


[HuR] E. Humbert and S. Raulot. Positive mass theorem for the Paneitz-Branson operator. 

Calculus of Variations and PDE. 36 (2009), 525-531. 

[LP] J. M. Lee and T. H. Parker. The Yamabe problem. Bull AMS. 17 (1987), no. 1, 37-91. 

[P] S. Paneitz. A quartic conformally covariant differential operator for arbitrary pseudo- 
Riemannian manifolds. Preprint (1983). 

[R] F. Robert. Fourth order equations with critical growth in Riemannian geometry. Unpub¬ 
lished notes. Available at http://www.iecn.u-nancy.fr/~frobert/LectRobertFourth.pdf 
[XY] X. W. Xu and P. Yang. Positivity of Paneitz operators. Discrete Contin. Dynam. Systems 
7 (2001), no. 2, 329-342. 

Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556 
E-mail address: mgursky@nd.edu 

Courant Institute, New York University, 251 Mercer Street, New York NY 10012 
E-mail address: fengbo@cims.nyu. edu 

Department of Mathematics, University of Michigan, Ann Arbor, MI 48109 
E-mail address: yuehjul@umich.edu 


